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a b s t r a c t

In this paper, we propose a method based on deep neural networks to solve obstacle
problems. By introducing penalty terms, we reformulate the obstacle problem
as a minimization optimization problem and utilize a deep neural network to
approximate its solution. The convergence analysis is established by decomposing
the error into three parts: approximation error, statistical error and optimization
error. The approximate error is bounded by the depth and width of the network,
the statistical error is estimated by the number of samples, and the optimization
error is reflected in the empirical loss term. Due to its unsupervised and meshless
advantages, the proposed method has wide applicability. Numerical experiments
illustrate the effectiveness and robustness of the proposed method and verify the
theoretical proof.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

Obstacle problems are typical variational inequalities of the first kind and have received much attention
due to the wide range of applications. Fig. 1 illustrates the unilateral obstacle problem for an elastic
membrane. Let Ω ⊂ Rd be a bounded Lipschitz domain with the boundary ∂Ω . The obstacle problem
is to find the equilibrium position u of an elastic membrane under the action of the vertical force f . The
membrane is fixed on the boundary ∂Ω with the function h and must lie over the obstacle g with g ≤ h on
∂Ω . The differential form of the obstacle problem is⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∆u ≥ f in Ω ,

u ≥ g in Ω ,

(−∆u − f)(u − g) = 0 in Ω ,

u = h on ∂Ω .

(1)
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Fig. 1. Membrane over a plate obstacle.

Various numerical methods have been proposed for solving obstacle problems, the vast majority of
hich focus on approximation solutions to the weak variational inequality, such as Galerkin least squares
nite element method [1], multigrid algorithm [2], piecewise linear iterative algorithm [3], the first-order
east-squares method [4], the level set method [5], and dynamical functional particle method [6].

Recently, there has been a growing interest in solving differential equations and inverse problems by deep
earning [7–18]. For variational and semi-variational inequalities, deep learning-based solution methods are
ess available. In [19], the author converts the original obstacle problem into an equivalent energy functional
inimum problem. The initial and boundary value conditions are transformed into the loss function of the
eep neural network through Lagrange multipliers. In [20], the authors proposed a deep learning-based
ethod to solve elliptic hemivariational inequalities based on equivalent variational forms and compared

he numerical performance of three different parameter update training strategies. However, these works
ainly focus on computational methods and lack theoretical analysis.
In this work, we propose a deep learning-based approach to solving the obstacle problem. First, a minimal

ptimization problem is constructed based on a variational form of the obstacle problem and then solved by
eep learning methods. In particular, we provide a theoretical analysis of the proposed deep learning method
nd establish the rate of convergence for a deep neural network with ReLU3 activation functions in the H1

norm. The error of the deep learning method is decomposed into three parts: the approximation error, the
statistical error, and the optimization error. The approximate error is related to the depth and width of the
network, the statistical error is estimated by the sample size of the Rademacher complexity tool, and the
optimization error reflects the experience loss term in numerical experiments. We established upper bounds
on the number of training samples, the depth, and the width of the network to achieve the desired accuracy.
Moreover, numerical experiments illustrate the effectiveness and robustness of the proposed method and
verify the theoretical proof.

This paper is organized as follows. In Section 2, we decompose the error into three components. The
bounds of the approximation error and the statistical error are discussed. The results of the error analysis
are established in the main theorem. Moreover, we also present the pipeline of the optimization algorithm.
In Section 3, three numerical examples are provided to demonstrate the proposed method. In Section 4, we
summarize our work with a short conclusion.

2. Error analysis of obstacle problems

Let V = H1(Ω) and U = {v ∈ V : v = h on ∂Ω}. We denote by K = {v ∈ V : v ≥ g in Ω , v = h on ∂Ω}
s the set of admissible displacements. Assume that f ∈ L∞(Ω), g ∈ W 2

∞(Ω), h ∈ W 2
∞(∂Ω). Problem (1)

an be rewritten in the form of energy minimization,

Find u ∈ K : J(u) ≤ J(v), ∀v ∈ K, (2)

here J(v) = a(v, v) − (f, v) with the quadratic form a(v, v) = 1 ∫ |∇v|2 dx.
2 Ω

2
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The solution of (2) is characterized by the elliptic variational inequality

u ∈ K :
∫
Ω

∇u · ∇(v − u)dx ≥
∫
Ω

f(v − u)dx, ∀v ∈ K. (3)

Let
L̃(v) = J(v) + α

∫
Ω

[g(x) − v(x)]2+dx, (4)

where α is a positive constant and [t]+ = max{0, t}. From [21], the unique solution u∗ of (4) is sufficiently
close to the solution of (2) with sufficiently large α. We relax the constraint of the boundary condition v ∈ U

with a penalty term and have the following minimization problem:

min
v∈V

L(v), (5)

where
L(v) = 1

2

∫
Ω

|∇v|2dx −
∫
Ω

fvdx + α

∫
Ω

[g − v]2+dx + β

∫
∂Ω

(v − h)2dx,

α and β are positive constants. In numerical computations, the above L is replaced by the discrete form

L̂(v) = |Ω |
N

N∑
i=1

[
1
2∥∇v(Xi)∥2

2 − f(Xi)v(Xi) + α[g(Xi) − v(Xi)]2+
]

+β|∂Ω |
M

M∑
j=1

[v(Yj) − h(Yj)]2, (6)

where {Xk}N
k=1 and {Yk}M

k=1 are i.i.d. random variables drawn from the uniform distributions U(Ω) and
(∂Ω), respectively.

.1. Deep neural network approximation

To approximate the solution, we consider a fully connected feedforward neural network f : Rd → RND ,
hich is defined as

f0(x) = x,

fk(x) = σ(k) (Wkfk−1 + bk) = σ
(k)
i ((Wkfk−1 + bk)i) , for k = 1, . . . , D − 1,

f := fD(x) = WDfD−1 + bD,

where the weights matrix Wk =
(

w
(k)
ij

)
∈ RNk×Nk−1 , the bias term bk =

(
b

(k)
i

)
∈ RNk and the activation

unction σ(k) =
(

σ
(k)
i

)
∈ RNk . The trainable parameters Wk and bk can be updated during training

y the backpropagation algorithm. The activation function introduces nonlinearity, which makes the deep
eural network to be a universal function approximator. We denote by D the depth of the network, by

:= maxk=1,...,D {Nk} the width of the network, and by Φ the set of activation functions. Neural networks
ith D, W,Φ are defined as N (D, W,Φ) := {f : the fully connected feedforward neural network with the
epth D, the width W, and the activation function set Φ}.

The set P is all neural networks, that is,

P =
⋃

D,W,Φ

N (D, W,Φ) .

Thus, the obstacle problem amounts to finding uθ such that

uθ = arg min
vθ∈P

L (vθ) , (7)

where θ = {W , b }D is the collection of trainable parameters.
k k k=1

3
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2.2. Error decomposition

In this section, we consider the error between the approximation uθA and the solution u∗. The subscript
f uθA refers to the optimization algorithm A used in training networks. The following lemma divides the
rror into three parts [22,23].

emma 1. If the fully connected feedforward neural networks are adopted to solve the obstacle problem,
hen uθA − u∗2

H1(Ω)

≤ 2
c2

⎡⎢⎢⎢⎣(α + βc1) · inf
ū∈P

∥ū − u∗∥2
H1(Ω)  

Eapp

+ 2 sup
u∈P

|L(u) − L̂(u)|  
Esta

+ L̂
(
uθA

)
− L̂ (ûθ)  

Eopt

⎤⎥⎥⎥⎦ ,

here c1, c2 are constants, L̂ is defined in (6) and ûθ is the optimal solution of L̂.

roof. For any ū ∈ P, we have

L
(
uθA

)
− L (u∗)

= L
(
uθA

)
− L̂

(
uθA

)
+ L̂

(
uθA

)
− L̂ (ûθ) + L̂ (ûθ) − L̂(ū)

+ L̂(ū) − L(ū) + L(ū) − L (u∗)

≤ [L(ū) − L (u∗)] + 2 sup
u∈P

|L(u) − L̂(u)| +
[
L̂
(
uθA

)
− L̂ (ûθ)

]
,

where we use that L̂ (ûθ) − L̂(ū) ≤ 0 in the last step. Since ū can be any element in P, we take the infimum
of ū:

L
(
uθA

)
− L (u∗) ≤ inf

ū∈P
[L(ū) − L (u∗)] + 2 sup

u∈P
|L(u) − L̂(u)|

+
[
L̂
(
uθA

)
− L̂ (ûθ)

]
.

Now for any u ∈ P, we set v = u − u∗, and have

L(u∗ + v) = 1
2

∫
Ω

(∇(u∗ + v))2dx + α

∫
Ω

[g − (u∗ + v)]2+dx −
∫
Ω

f(u∗ + v)dx

+ β

∫
∂Ω

(u∗ + v − h)2dx

= 1
2

∫
Ω

(∇u∗)2dx + 1
2

∫
Ω

(∇v)2dx +
∫
Ω

∇u∗ · ∇vdx

+ α

∫
Ω

[g − (u∗ + v)]2+dx −
∫
Ω

fu∗dx −
∫
Ω

fvdx + β

∫
∂Ω

(v2)dx

= L(u∗) + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω) − α

∫
Ω

[g − u∗]2+dx

+ 2α

∫
Ω

(g − u∗)+vdx + α

∫
Ω

[g − (u∗ + v)]2+dx,

where the operator T refers to the trace operator. The last step holds since u∗ ∈ U . According to g −u∗ and
g − (u∗ + v), it can be divided into four cases.

(1) When g − u∗ ≥ 0 and g − (u∗ + v) ≥ 0,

L(u∗ + v) = L(u∗) + 1 |v|21 + β∥Tv∥2
L2(∂Ω) + α

∫
v2dx.
2 Ω

4
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(2) When g − u∗ ≥ 0 and g − (u∗ + v) < 0,

L(u∗ + v) = L(u∗) + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω)

− α

∫
Ω

[g − (u∗ + v)]2dx + α

∫
Ω

v2dx.

Because of −α
∫
Ω

[g − (u∗ + v)]2dx + α
∫
Ω

v2dx > 0, we obtain

L(u∗ + v) − L(u∗) < α

∫
Ω

v2dx + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω),

L(u∗ + v) − L(u∗) >
1
2 |v|21 + β∥Tv∥2

L2(∂Ω).

(3) When g − u∗ < 0 and g − (u∗ + v) ≥ 0,

L(u∗ + v) = L(u∗) + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω) + α

∫
Ω

[g − (u∗ + v)]2dx.

Hence,

L(u∗ + v) − L(u∗) < α

∫
Ω

v2dx + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω),

L(u∗ + v) − L(u∗) ≥ 1
2 |v|21 + β∥Tv∥2

L2(∂Ω).

(4) When u∗ − g < 0 and u∗ + v − g < 0,

L(u∗ + v) = L(u∗) + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω).

By the above results of four cases, we deduce that, for any u ∈ P,

L(u∗ + v) − L(u∗) < α

∫
Ω

v2dx + 1
2 |v|21 + β∥Tv∥2

L2(∂Ω).

From the Trace theorem and the fact u = u∗ + v, we have

L(u) − L(u∗) < (α + c1β)∥u − u∗∥2
H1 ,

where c1 is a contant and α ≫ 1. On the other hand, we obtain, from Poincaré–Friedrichs-inequality,

L(u) − L(u∗) ≥ c2

2 ∥u − u∗∥2
H1 ,

here c2 is also a constant. In summary,

L
(
uθA

)
− L (u∗) ≥ c2

2 ∥uθA − u∗∥2
H1 ,

nd
L(ū) − L (u∗) < (α + βc1)∥ū − u∗∥2

H1 .

rom
L
(
uθA

)
− L (u∗) ≤ inf

ū∈P
[L(ū) − L (u∗)] + 2 sup

u∈P
|L(u) − L̂(u)| +

[
L̂
(
uθA

)
− L̂ (ûθ)

]
,

e can have the conclusion of the lemma. □
5
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2.3. Approximation error

We denote the dyadic partition of [0, 1] by πl,

πl : t
(l)
0 = 0 < t

(l)
1 < · · · < t

(l)
2l−1 < t

(l)
2l = 1,

where t
(l)
i = i · 2−l

(
0 ≤ i ≤ 2l

)
. The cardinal B-spline of order 3 over πl can be written as

N
(3)
l,i (x) = 22l−1

3∑
j=0

(−1)j

(
3
j

)(
x − i2−l − j2−l

)2
+ , (8)

for i = −2, . . . , 2l−1. The multivariate case is defined by the product of several univariate cardinal B-splines,
i.e.,

N
(3)
l,i (x) =

d∏
j=1

N
(3)
l,ij

(xj) , i = (i1, . . . , id) , −3 < ij < 2l. (9)

ere, we consider a special neural network (ReLU3 network), which has the activation function σ(x) =
eLU3, i.e.,

σ(x) =
{

x3, x ≥ 0,

0, else.
o present the upper bound of Eapp, we use the same approach as Y. Jiao et al. did in proving Theorem
.2 of [23]. We omit the proof details of the following lemmas for space reasons (See [24] and Theorem 3.4
f [25]).

emma 2. Assume u∗ ∈ H2, there exists {αj}(2l−4)d

j=1 (αj ∈ R) with l > 2 such thatu∗ −
(2l−4)d∑

j=1
αjN

(3)
l,ij


H1(Ω)

≤ C

2l
∥u∗∥H1(Ω) ,

here C is a constant only depend on d.

emma 3. The multivariate cardinal B-spline N
(3)
l,i (x) can be implemented exactly by a ReLU3 network

ith the depth of ⌈log2 d⌉ + 2 and the width of 12d.

heorem 1. Assume ∥u∗∥H1(Ω) ≤ c3. Then for any given ϵ > 0, there exist an ReLU3 network u ∈ P with

D ≤ ⌈log2 d⌉ + 3, W ≤ 12d

[
Cc3

ϵ
− 4
]d

,

such that
∥u∗ − u∥2

H1(Ω) ≤ ϵ,

here C is a constant depending only on the dimension d.

roof. Combining Lemmas 2 and 3, we have, for ϵ > 0 and 1
2l

≤
⌈

ϵ
C∥u∗∥

H1

⌉
, there exists u ∈ P such that

∥u∗ − u∥H1(Ω) ≤ ϵ.

he depth D and the width W of u satisfy D ≤ ⌈log2 d⌉+3 and W ≤ 12d

[
C∥u∗∥

H1
ϵ − 4

]d

, respectively. □
6
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2.4. Statistical error

In this section, we introduce the Rademacher complexity to bound Esta. Let {Xk}N
k=1 and {Yk}M

k=1 be
.i.d. random variables drawn from the distributions U(Ω) and U(∂Ω), respectively. By applying triangle
nequality, we have

E{Xk,Yk}M
k=1

sup
u∈P

|L(u) − L̂(u)| ≤
8∑

j=1
E{Xk,Yk}M

k=1
sup
u∈P

⏐⏐⏐Lj(u) − L̂j(u)
⏐⏐⏐ ,

here
L1(u) = 1/2|Ω |EX∼U(Ω)

[
∥∇u∥2

2(X)
]

,

L2(u) = |Ω |EX∼U(Ω)[u(X)f(X)],

L3(u) = β|∂Ω |EY ∼U(∂Ω)u(Y )2

L4(u) = β|∂Ω |EY ∼U(∂Ω)(h(Y ))2

L5(u) = −2β|∂Ω |EY ∼U(∂Ω)u(Y )h(Y )

L6(u) = α|Γ |EX∼U(Γ)[u(X)2],

L7(u) = −2α|Γ |EX∼U(Γ)[u(X)g(X)],

L8(u) = α|Γ |EX∼U(Γ)[g(X)2],

here Γ ⊂ Ω with u > g and L̂j(u) is the discretization corresponding to Lj(u).

efinition 1. The Rademacher complexity of a set A ⊆ RN is defined as

ℜ(A) = E{ξi}N
k=1

[
sup

a1,...,aN ∈A

1
N

N∑
k=1

ξkak

]
,

where {ξk}N
k=1 are N i.i.d Rademacher variables with P (ξk = 1) = P (ξk = −1) = 1

2 . The Rademacher
omplexity of function class F associated with random samples {Xk}N

k=1 is defined as

ℜ(F) = E{Xk,ξk}N
k=1

[
sup
u∈F

1
N

N∑
k=1

ξku (Xk)
]

.

By introducing Rademacher complexity, we get the following lemma and then derive the bound of Esta

n Theorem 2.

emma 4. Assume that

max
(

∥f∥L∞(Ω), ∥h∥L∞(∂Ω), ∥g∥L∞(Ω), ∥u∥L∞(Ω) , ∥∇u∥2
L∞(Ω)

)
≤ B < ∞,

here u ∈ P and B is a constant. Then

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L1(u) − L̂1(u)
⏐⏐⏐ ≤ 2B2|Ω |ℜ(F1),

E{X }N sup
⏐⏐⏐L2(u) − L̂2(u)

⏐⏐⏐ ≤ 2B|Ω |ℜ(F2),

k k=1 u∈P

7
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P

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L3(u) − L̂3(u)
⏐⏐⏐ ≤ 2βB2|∂Ω |ℜ(F3),

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L4(u) − L̂4(u)
⏐⏐⏐ ≤ 2βB2|∂Ω |ℜ(F4),

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L5(u) − L̂5(u)
⏐⏐⏐ ≤ 4βB|∂Ω |ℜ(F5),

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L6(u) − L̂6(u)
⏐⏐⏐ ≤ 2αB2|Γ |ℜ(F6),

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L7(u) − L̂7(u)
⏐⏐⏐ ≤ 4αB|Γ |ℜ(F7),

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L8(u) − L̂8(u)
⏐⏐⏐ ≤ 2αB2|Γ |ℜ(F8),

where
F1 = {f : Ω → R, | ∃u ∈ P f(x) = ∥∇u(x)∥2} , F2 = P,

F3 = {f : ∂Ω → R |∃u ∈ P|∂Ω , s.t. f(x) = u(x)2} , F4 = {f : ∂Ω → R | −1, 0, 1},

F5 = P|∂Ω , F6(u) = {f : Ω → R, ∃u ∈ P, s.t. f(x) = u(x)2} ,

F7(u) = {f : Ω → R, ∃u ∈ P, s.t. f(x) = u(x)} , F8 = {f : ∂Ω → R | −1, 0, 1}.

roof. We prove only one of these inequalities. The other inequalities can be proved in a similar way.

E{Xk}N
k=1

sup
u∈P

⏐⏐⏐L2(u) − L̂2(u)
⏐⏐⏐

= |Ω |E{Xk}N
k=1

sup
u∈P

⏐⏐⏐⏐⏐EX∼U(Ω) (u(X)f(X)) − 1
N

N∑
k=1

(u(Xk)f(Xk))

⏐⏐⏐⏐⏐
= |Ω |E{Xk}N

k=1
sup
u∈P

⏐⏐⏐⏐⏐E{X̂k}N

k=1

1
N

N∑
k=1

(
u(X̂k)f(X̂k)

)
− 1

N

N∑
k=1

(u(Xk)f(Xk))

⏐⏐⏐⏐⏐
≤ |Ω |

N
E{Xk,X̂k}N

k=1

[
sup
u∈P

⏐⏐⏐⏐⏐
N∑

k=1

(
u(X̂k)f(X̂k) − u(Xk)f(Xk)

)⏐⏐⏐⏐⏐
]

(10)

= |Ω |
N

E{Xk,X̂k,ξk}N

k=1

[
sup
u∈P

⏐⏐⏐⏐⏐
N∑

k=1
ξk

(
u(X̂k)f(X̂k) − u(Xk)f(Xk)

)⏐⏐⏐⏐⏐
]

(11)

≤ |Ω |
N

E{X̂k,ξk}N

k=1

[
sup
u∈P

⏐⏐⏐⏐⏐
N∑

k=1
ξk

(
u(X̂k)f(X̂k)

)⏐⏐⏐⏐⏐
]

+ |Ω |
N

E{Xk,ξk}N
k=1

[
sup
u∈P

⏐⏐⏐⏐⏐
N∑

i=1
ξk (u(Xk)f(Xk))

⏐⏐⏐⏐⏐
]

≤ 2B|Ω |ℜ (F2) . (12)

In the previous proof, we used Jensen’s inequality to obtain (10). The Eq. (11) can be deduced from the
definition of ξk in Definition 1. And (12) holds because the distributions of the two terms are the same. □

Theorem 2. Let N and M be the number of samples in Ω and ∂Ω , respectively. And both the depth D and
width W of the network are positive integers. For any ϵ > 0, if

N, M = CD6W2(D + log W)(log D + log W)
(

1
)2

log 1
,

ϵ ϵ

8
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w

P

w

w

a

then we have
E{Xk}N

k=1,{Yk}M
k=1

sup
u∈P

|L(u) − L̂(u)| ≤ ϵ

here P = N
(
D, W,

{
ReLU3}), and C is a constant.

roof. From (C.7) in [23], we have

R (Fi) ≤ 28
√

3
2 max

{
B, B2}(H

N

)1/2
√

log
(

eN

H

)
, i = 1, 2, 6, 7, 8,

and

R (Fi) ≤ 28
√

3
2 max

{
B, B2}(H

M

)1/2
√

log
(

eM

H

)
, i = 3, 4, 5,

here H = c4(D + 3)4W2(D + 3 + log((D + 3W))) (c4 is a constant). Then,

E{Xk}N
k=1,{Yk}M

k=1
sup
u∈P

|L(u) − L̂(u)|

≤
8∑

j=1
E{Xk}N

k=1,{Yk}M
k=1

sup
u∈P

⏐⏐⏐Lj(u) − L̂j(u)
⏐⏐⏐

≤28
√

3
2c5 max

{
B, B2}((4 + 8α)|Ω |

(
H
N

)1/2
√

log
(

eN

H

)

+(8β)|∂Ω |
(

H
M

)1/2
√

log
(

eM

H

) )
here c5 is a constant. Therefore, the conclusion of the theorem holds. □

2.5. Main theorem

We present the main result of this paper.

Theorem 3. Assume Eopt = 0 and ∥u∗∥H1(Ω) ≤ c3. For any ϵ > 0, if

D ≤ ⌈log2 d⌉ + 3, W ≤ 12d

[
Cc3

ϵ
− 4
]d

,

nd uθ is the minimizer of (7) with numbers of samples

M, N = C

(
1
ϵ

)2d+2
log 1

ϵ
,

then we have
E{Xk}N

k=1,{Yk}M
k=1

∥uθ − u∗∥H1(Ω) ≤ ϵ.

Proof. For any ϵ > 0, by Theorem 1, there exists a neural network function ū with depth ⌈log2 d⌉ + 3 and
width 12d such that

Eapp = ∥u∗ − ū∥H1 ≤ ϵ.

From Theorem 2, when the number of samples

M, N = C2D4W2(D + log W)(log D + log W)
(

1
)2

log 1 = C3

(
1
)2d+2

log 1
,

ϵ ϵ ϵ ϵ

9
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i

E

w

we have
Esta = E{Xk}N

k=1,{Yk}M
k=1

sup
u∈P

|L(u) − L̂(u)| ≤ ϵ.

Applying the results of Lemma 1, we complete the proof. □

Remark. Although we have established the non-asymptotic convergence rate of the deep learning method,
we do not discuss Eopt . In practical calculations, the stochastic gradient descent algorithm (SGD) with mini-
batch is adopted, which gives the deep learning method the advantage of being meshless and unsupervised.
The optimization algorithm is shown in Algorithm 1.

Algorithm 1 Optimization algorithm
Require: The network depth D and width W, the penalty parameters α and β, the number of samples N

and M , the initial guess of the parameter θ1, the learning rate η, and the total number of iterations K.
for k=1,2,...K do

Randomly sample a batch {Xi}N
i=1 ∼ U(Ω), {Yj}M

i=1 ∼ U(∂Ω).
Compute loss1 = 1

N

∑N
i=1

[
1
2 ∥∇uθ (Xi)∥2

2 − f (Xi) uθ (Xi)
]

,

loss2 = 1
N

∑N
i=1 [g (Xi) − uθ (Xi)]2+ ,

loss3 = 1
M

∑M
j=1 [uθ (Yj) − h (Yj)]2 .

Compute L(θ) = loss1 +α loss2 +β loss3 .
Update θk+1 = θk − η∇θL(θk).

end for

3. Numerical examples

In this section, three examples (including a 2D bilateral obstacle problem) are considered to examine the
robustness and effectiveness of our proposed method. We will compare the solutions of deep neural networks
with reference (analytical or numerical) solutions. In each example, a neural network with 8 (or more) hidden
layers and 80 neurons is employed with the activation function of ReLU3. We incorporate layer normalization
nto the network and use the Adam optimizer version of the SGD with a learning rate of 5×10−4 to optimize
the loss function. Furthermore, all networks are generated and trained with the Pytorch library [26]. The
whole source code is available at https://github.com/Xingbaji/Obstacle problem.

xample 1. Consider a 1D obstacle problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
−u′′ ≥ 0 in Ω ,

u ≥ g in Ω ,

u′′(u − g) = 0 in Ω ,

u = 0 on ∂Ω ,

(13)

here Ω = [0, 1] and

g(x) =

⎧⎨⎩ 100x2 for 0 ≤ x ≤ 0.25,
100x(1 − x) − 12.5 for 0.25 ≤ x ≤ 0.5,
g(1 − x) for 0.5 ≤ x ≤ 1.0.

The exact solution is

uexact(x) =

⎧⎪⎨⎪⎩
(100 − 50

√
2)x for 0 ≤ x ≤ 1

2
√

2 ,

100x(1 − x) − 12.5 for 1
2

√
2 ≤ x ≤ 0.5,
uexact(1 − x) for 0.5 ≤ x ≤ 1.0.

10
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Fig. 2. The numerical results of Example 1.

Table 1
The relative error with respect to dif-
ferent sampling number. The sampled
points are fixed on the uniform mesh.

Sampling number Relative error

20 0.47
50 0.35
100 0.14
200 0.067
500 0.035
1000 0.019
10000 0.0042

The loss function is defined as

L̂(uθ) = 1
N

N∑
i=1

[
1
2∥∇uθ(Xi)∥2

2 + α[g(Xi) − uθ(Xi)]2+
]

+ β

2
[
uθ(0)2 + uθ(1)2] ,

where {Xk}N
k=1 are randomly sampled from U(0, 1).

In this example, the training data set is divided into mini-batches of size 2000. We typically train the
neural network with 3000 iterations and set the penalty parameters α = β = 5000. We evaluate the
performance of our method on a uniform mesh with a grid size of 10−3.

Fig. 2(a) shows the numerical result, the exact solution, and the obstacle function. Fig. 2(b) shows the
difference between the numerical solution and the exact solution. In Fig. 3, we plot the evolutions of loss1,
loss2, and loss3, which are defined in Algorithm 1. The L1 error of solution during the training process with
log scale is also reported. All results show that our method converges within 1000 iterations.

In Theorem 3, we give the estimate of statistical error with respect to the number of samples, which needs
104 samples to ensure that the statistical error is less than 10−1. In practice, the numerical results perform

etter than the theoretical analysis. Table 1 shows the relationship between relative error and the number
f samples. To ensure the approximation error and the optimization error of these experiments are close,
e use the same neural network architecture with 8 hidden layers and 80 neurons and take 5000 iterations

or all the models. In Fig. 4, we observe that the statistical error is inversely proportional to the number of
amples on the log−log scale. This property is basically consistent with the theoretical analysis. In addition,
ur method is unsupervised, which means we can always generate a sufficient number of samples.

Theorem 1 gives the upper bound of the approximation error with respect to the depth and width of the
eural networks. In this experiment, given d = 1 and the exact solution u∗, we obtain that the approximation

4
rror is less than 0.01 when D ≤ 3, W ≤ 395. We use 10 samples and take 5000 iterations to ensure sufficient
11
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r

s
(

Fig. 3. The evolutions of loss1, loss2, and loss3. The L1 error during the training process with the log scale is plotted in the
ight-bottom subfigure.

Fig. 4. Relative error vs. number of samples in the log-log scale.

mall optimization errors and statistical errors. Table 2 shows the effect of the neural network architecture
number of layers and neurons). The numerical result with 3 × 320 validates our theoretical analysis. In

practice, the neural network with too many neurons in each layer is usually slower, so we use the neural
network with 8 layers and 80 neurons in each layer as the default model. Furthermore, we can see that our
method is robust with respect to the neural network architecture.

In Table 3, we investigate the robustness of the penalty parameters of our method. We can observe that
our method obtains accurate solutions as long as α, β ≥ 1000, which means our method does not require
fine-tuning of penalty parameters, but only needs to select a sufficiently large number.
12
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Table 2
The relative error with different neural
network architectures.

Layers & neurons Relative error

3 × 40 0.022
3 × 80 0.028
3 × 160 0.010
3 × 320 0.0096
8 × 40 0.009
8 × 80 0.005

Table 3
The relative error with different penalty parameters.

α β Relative error

100 100 0.10
500 500 0.018
1000 1000 0.0074
1000 5000 0.0087
5000 1000 0.0081
5000 5000 0.0051
10000 1000 0.0069
1000 10000 0.0091
10000 10000 0.0065

Example 2. Consider a 2D obstacle problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
−∆u ≥ f in Ω ,

u ≥ g in Ω ,

(−∆u − f)(u − g) = 0 in Ω ,

u = h on ∂Ω ,

(14)

here Ω := [−2, 2]2, f = 0 and the obstacle function

g(x, y) =
{√

1 − r2, r =
√

x2 + y2 ≤ 1,

−1, elsewhere .

The Dirichlet boundary condition is determined from the exact solution

u∗(x, y) =
{√

1 − r2, r ≤ r∗,

− (r∗)2 ln(r/2)/
√

1 − (r∗)2
, r ≥ r∗,

here r∗ ≈ 0.6979651482 satisfies (r∗)2 (1 − ln (r∗/2)) = 1. And the loss function is

L̂(uθ) = 1
N

N∑
i=1

[
1
2∥∇uθ(Xi)∥2

2 − f(Xi)uθ(Xi) + α[g(Xi) − uθ(Xi)]2+
]

+ β

M

M∑
j=1

[uθ(Yj) − h(Yj)]2.

In this example, we set α = β = 5000, and train the neural network with 5000 iterations. The batch
size of interior and boundary points are 40000 and 800, In Fig. 5, we present the numerical solution and its
difference from the exact solution. We visualize loss1, loss2, and loss3 in Fig. 6. It can be noted that the
roposed method performs well on the boundary and the contact parts. In Fig. 6(a), the loss1 is close to 0
xcept for the contact part, which is consistent with the definition of loss .
1

13
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s

Fig. 5. Left: The profile of the neural network solution. Right: The difference between the neural network solution and the exact
olution.

Fig. 6. The profiles of loss1(Left), loss2(Middle) and loss3(Right).

Example 3. Our method can be extended to the bilateral obstacle problem. We consider a two-
dimensional case that has been reported in [27,28], i.e., Ω = (0, 1) × (0, 1). Let the lower obstacle g1(x, y) =
− dist((x, y), ∂Ω), the upper obstacle g2(x, y) = 0.2, h = 0, and

f(x, y) =

⎧⎪⎨⎪⎩
300, if (x, y) ∈ S,

−70 exp(y)k(x), if x ≤ 1 − y and (x, y) /∈ S,

15 exp(y)k(x), if x > 1 − y and (x, y) /∈ S,

where S = {(x, y) ∈ Ω : |x − y| ≤ 0.1 and x ≤ 0.3},

k(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

6x, if 0 < x ≤ 1/6,

2(1 − 3x), if 1/6 < x ≤ 1/3,

6(x − 1/3), if 1/3 < x ≤ 1/2,

2(1 − 3(x − 1/3)), if 1/2 < x ≤ 2/3,

6(x − 2/3), if 2/3 < x ≤ 5/6,
2(1 − 3(x − 2/3)), if 5/6 < x ≤ 1.

14



X. Cheng, X. Shen, X. Wang et al. Nonlinear Analysis: Real World Applications 72 (2023) 103864

l

i
T
s

4

p
c
s
n
o
e
h
fi
s
e

A

s
S

Fig. 7. The numerical results and the coincidence sets of Example 3. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

The corresponding loss function is

L̂(u) = 1
N

N∑
i=1

[
1
2∥∇u(Xi)∥2

2 − f(Xi)u(Xi) + α1[g1(Xi) − u(Xi)]2+

+α2[u(Xi) − g2(Xi)]2+
]

+ β

M

M∑
j=1

(u(Yj) − h(Yj))2.

We take α1 = α2 = β = 50000 and train the neural network for 5000 iterations. The batch sizes for
nterior and boundary points are 40000 and 800, respectively. Fig. 7(a) shows the approximated solution.
here is no analytical solution for this example, so we display the lower(red) and upper(blue) coincidence

ets in Fig. 7(b), which closely resembles Figure 3 of Example 5.4 in [27].

. Conclusion

In this work, we propose a method based on deep learning to solve the obstacle problem. By introducing
enalty terms, the original obstacle problem is transformed into a minimizing optimization problem. It
an solve the optimization problem in the framework of neural networks naturally and get an approximate
olution to the obstacle problem. The theoretical analysis of the unilateral obstacle problem is given. The
on-asymptotic convergence rate is constructed by estimating the upper bounds of the depth and width
f the network and the number of training samples required to achieve the expected accuracy. Numerical
xamples show that the proposed method is robust with respect to parameters and network structure and
as the advantages of being easy to implement, meshless, and unsupervised. Especially without tedious
ne-tuning, the proposed method can be applied to bilateral obstacle problems, such as Example 3. This
hows that the proposed method can be applied to more complex obstacle problems. In future work, we will
xplore the application of deep learning methods to other variational inequalities.
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[27] T. Kärkkäinen, K. Kunisch, P. Tarvainen, Augmented Lagrangian active set methods for obstacle problems, J. Optim.

Theory Appl. 119 (3) (2003) 499–533.
[28] F. Wang, X.-L. Cheng, An algorithm for solving the double obstacle problems, Appl. Math. Comput. 201 (1–2) (2008)

221–228.
16

View publication stats

http://refhub.elsevier.com/S1468-1218(23)00034-2/sb1
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb1
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb1
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb2
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb3
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb3
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb3
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb4
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb5
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb5
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb5
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb6
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb6
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb6
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb7
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb7
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb7
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb8
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb8
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb8
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb9
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb9
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb9
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1908.03190
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1709.02432
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1904.09406
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://arxiv.org/abs/1707.03351
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb14
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb14
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb14
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1707.02568
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://arxiv.org/abs/1807.01212
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb17
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb17
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb17
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb18
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb18
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb18
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb19
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://arxiv.org/abs/2104.04881
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb21
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2103.13330
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://arxiv.org/abs/2109.01780
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb24
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb24
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb24
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb25
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb25
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb25
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb26
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb27
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb27
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb27
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb28
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb28
http://refhub.elsevier.com/S1468-1218(23)00034-2/sb28
https://www.researchgate.net/publication/368829418

	A deep neural network-based method for solving obstacle problems
	Introduction
	Error analysis of obstacle problems
	Deep Neural Network Approximation
	Error Decomposition
	Approximation Error
	Statistical Error
	Main Theorem

	Numerical Examples
	Conclusion
	Acknowledgments
	References


